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The von Neumann Entropy of EPR Spin Correlation for the
Relativistic Pairs
Yoshihisa Nishikawa
Department of Physics, Konan University, 8-9-1 Okamoto, Kobe 658-8501, Japan
Variation of the von Neumann entropy by the Lorentz transformation is discussed. Tak-
ing the spin-singlet state in the center of mass frame, the von Neumann entropy in the
laboratory frame is calculated from the reduced density matrix obtained by taking the trace
over 4-momentum after the Lorentz transformation. As the model to discuss the EPR spin
correlation, it is supposed that one parent particle splits into a superposition state of various
pair states in various directions. Computing the von Neumann entropy and the Shannon
entropy, we have shown a global behavior of the entropy to see a relativistic effect. We
discuss also the super-relativistic limit, distinguishability between the two particles of the
pair and so on.
§1. Introduction
Recently, quantum states are treated as a resource of the quantum informa-
tion.1), 2) In the information theory, the Shannon entropy quantifies the amount
of information and the von Neumann entropy in quantum mechanics quantifies the
purity of state.3)
In around 2000, it is recognized in a study of the quantum information that
spin states are affected by the nontrivial relativistic effect due to the the successive
Lorentz transformation.4)–16) The von Neumann entropy for a single particle has
been shown to be not Lorentz invariant.4) It has been discussed that the degree of
the violation of Bell’s inequality decreases in the relativistic regime.9)–13) Entropy
is also used to estimate some EPR correlations taking into account the relativistic
effect.15), 16)
Since Einstein, Podolsky and Rosen (EPR),17) the quantum correlation called
an entanglement among separate systems has been discussed in various models. After
Bohm formulated this discussion in terms of spin correlation,18) many people have
discussed this correlation in such model that one parent particle splits into a pair
of particles in the spin-singlet state running away in the opposite directions. The
hypotheses of hidden variable had been discussed assuming such situation. Assuming
only the local causality, Bell derived an inequality formula19), 20) to be satisfied for
the statistical data of the separate systems which had been in contact prior to the
separation.
The parent particle which splits into the pair will be generally running in the
laboratory frame. Threfore, we introduce the center of mass frame in which the
parent particle is at rest. In this center of mass frame, there are two spin-12 particles
with same mass and same absolute magnitude of 3-momentum. Then the state
vector of the pair is assumed to be a factor state of spin part and 4-momentum part.
For such factor state, the von Neumann entropy is zero in general. By applying the
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Lorentz transformation into the laboratory frame, the state vector can be changed
into an entangled state between the spin part and the 4-momentum part. Therefore,
the von Neumann entropy calculated from the reduced density matrix, which is
obtained by taking the trace over 4-momentum in the laboratory frame, has now a
finite value in general.
In this paper, we discuss the spin correlation in an extended model where the
state vector after the splitting is a superposition state of various pair states, instead
of the pair in one direction as in the previous models. The various pair states are
classified by various velocity directions of each pair. This model is envisaged as a
simplification of such physical situation that the ejection direction of the pair from
the parent particle, nucleus or elementary particle, spreads in a finite range of angle.
In our model, however, the angular distribution is discretized and it is represented
by the superposition state of various pair states with a definite angle of ejection. In
this paper, we treat only the two pair states as the simplest case of the extended
model.
Using the reduced density matrix for the extended model of various pair states,
the von Neumann entropy is calculated and we discuss the correlation among the
composite spin states defined with respect to the z-direction in the space-fixed frame.
The value of the entropy is considered to describe how much degree the spin corre-
lation, which is assigned in the center of mass frame, is degraded in the laboratory
frame. Since the spin state is coupled with 4-momentum in the Lorentz transfor-
mation, the computed values of the entropy are dependent on the ejection velocity
and the velocity of the center of mass frame relative to the laboratory frame. It is
shown in this paper that the entropy does work as a measure to quantify the spin
correlation in this extended model even for the relativistic case.
In section 2, the unitary transformation of the state vector induced by the
Lorentz transformation is discussed. Due to the Wigner rotation resulted from the
successive Lorentz transformation,21) the spin state becomes to contain the triplet-
state in the laboratory frame even if the singlet-state is prepared in the center of
mass frame. In section 3, we propose an extended model to consider the EPR spin
correlation, where the state vector after the splitting is a superposition of various
pair states. In section 4, the mixing coefficients of the spin state due to the Wigner
rotation is calculated for the simplest case of two pair states.
In section 5, we calculate the von Neumann entropy and show the results in
figures. In section 6, by comparing the Shannon entropy and the von Neumann
entropy, the effect of distinguishability between the two particles is discussed. In
section 7, other features are discussed. We use the base-2 of logarithm and natural
unit: ~ = c = 1.
§2. Lorentz transformation of state vector and Wigner rotation
We consider a state vector of a massive particle with 4-momentum pµ and spin
σ in a coordinate frame.
Pµ|p, σ〉 = pµ|p, σ〉, (2.1)
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Sz|k, σ〉 = σ|k, σ〉. (2.2)
Here, Pµ is the 4-momentum operator, Sz is the z component of spin operator and
kµ = {m, 0, 0, 0} is the rest 4-momentum of the particle with mass m 6= 0. The
state |p, σ〉 is connected with |k, σ〉 by a unitary operator U(L(p)) corresponding to
a boost transformation L(p) as follows:
|p, σ〉 = N(p)U(L(p))|k, σ〉, (2.3)
where N(p) is a normalization factor.
Applying another boost transformation of Λ on |p, σ〉, we get the state vector in
the frame boosted by Λ, in which the 4-momentum is Λp, as follows:
U(Λ)|p, σ〉 = U(Λ)[N(p)U(L(p))|k, σ〉]
= N(p)U(ΛL(p))|k, σ〉
= N(p)[U(L(Λp))U−1(L(Λp))]U(ΛL(p))|k, σ〉
= N(p)U(L(Λp))U(W (Λ, p))|k, σ〉, (2.4)
where
W (Λ, p) = L−1(Λp)ΛL(p) and Λp = Λµνpν . (2.5)
In case of a massive particle, W (Λ, p) represents a spatial rotation and it is called the
Wigner rotation. In contrast to the Galilei transformation, the Lorentz transforma-
tion affects the time-component of 4-momentum. Therefore, a non-trivial effect such
as the Wigner rotation of Eq. (2.5) is induced by a successive boost transformation
in the different directions. Thus, spin component coupled with the 4-momentum is
affected.
The Eq. (2.4) can be written in reference to the spin state in the rest frame of
particle as
U(Λ)|p, σ〉 = N(p)U(L(Λp))
∑
σ′
|k, σ′〉〈k, σ′|U(W (Λ, p))|k, σ〉
= N(p)
∑
σ′
〈k, σ′|U(W (Λ, p))|k, σ〉U(L(Λp))|k, σ′〉
=
N(p)
N(Λ, p)
∑
σ′
Dσ′,σ(W (Λ, p))|Λp, σ′〉, (2.6)
where
Dσ′σ(W (Λ, p)) = 〈k, σ′|U(W (Λ, p))|k, σ〉. (2.7)
Therefore, even if a particle is in an eigenstate of spin in some frame, the spin state
becomes a superposition state among other eigenstates of spin in the boosted frame.
In the following discussion, we omit the normalization factors such as N(p),
N(Λ, p) and N(p)
N(Λ,p) because these do not affect the result of our discussion.
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§3. An extension of the splitting model of EPR
For a long time, the EPR paradox had been told in such a model, in which one
parent particle splits into one pair of particles. In this paper, we extend this old
model into the model in which the state after the splitting is a superposition state of
various pair states instead of the one pair state. We discuss the spin correlation of
this superposition state. In the coordinate frame I, a composite spin state for each
pair state is supposed to be in the spin-singlet state as follows:
|ϕ〉 = 1√
2
(|p, ↑〉|q, ↓〉 − |p, ↓〉|q, ↑〉) , (3.1)
where p and q are the 4-momentums of the particles. The spin-singlet state is an
example of quantum entanglement.
We now consider the various spin-singlet pair states |ϕi〉 labeled by i = 1, 2, · · · .
And the 4-momentum set of each pair state is denoted by {p, q}i. We assume in this
paper the masses of particle are identical for all pair states. Therefore, one particle’s
4-momentum is represented by an absolute magnitude p and a direction pˆ of the
3-momentum; then, {p, q}i is written as {(p0, ppˆ), (p0,−ppˆ)}i. Using these states, we
can write the superposition state of various pair states as
|ψ〉 =
∑
i
ci|ϕi〉 with
∑
i
|ci|2 = 1. (3.2)
The old model corresponds to |ψ〉 = |ϕ〉. Figure 1 illustrates the case of i =1, 2, 3.
In the following of this paper, our discussion is restricted mainly to two pair
states, the case of i = 1 and 2, as the simplest extension. Furthermore, we consider
that the orbits of the two particles lie on the x-z plane. And then we take the other
coordinate frame II boosted in z-direction. We have assumed such situation since
the effect of the Wigner rotation is emphasized. The direction of pair-i is represented
by θi, which is the angle from x-axis toward z-axis. The state vector |ϕi〉 is now
written as
|ϕi〉 = |ϕp(θi)〉 = 1√
2
(|p(θi), ↑〉|p(θi + π), ↓〉 − |p(θi), ↓〉|p(θi + π), ↑〉) . (3.3)
The superposition state of two pair states after the splitting is written as
|ψp(θ1, θ2)〉 = c1|ϕp(θ1)〉+ c2|ϕp(θ2)〉. (3.4)
We now consider the state vector in the coordinate frame II boosted by Λ relative
to the coordinate frame I. The coefficients of the Wigner rotation in Eq. (2.7) depend
not only on Λ but also on p. Using the unitary operator U(Λ), the state vector in
the coordinate frame II is given as
U(Λ)|ψp(θ1, θ2)〉 = c1U(Λ)|ϕp(θ1)〉+ c2U(Λ)|ϕp(θ2)〉. (3.5)
We can suppose such a physical situation corresponding to this extended model:
in the laboratory frame identified with the coordinate frame II, a parent particle has
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been moving in the minus z-direction and it has splited into the superposition state of
θ1-pair and θ2-pair states. The relativistic effect for angular distribution is expected
to be described even in this discretized simplification. We identify the center of mass
frame with the coordinate frame I and this coordinate frame is obtained applying
the Lorentz transformation Λ−1 in the z-direction of the laboratory frame. The state
vector in the laboratory frame is represented by Eq. (3.5) and the state vector in
the center of mass frame is represented by Eq. (3.3).
Note that the z-axis of the rest frame for each particle is inclined in the labora-
tory frame, even if the ejection velocity and the boost velocity are taken on the x-z
plane.
§4. Transformation of spin-singlet state by the Wigner rotation
We calculate the transformation coefficients of the spin state in the laboratory
frame by the Wigner rotation for the following state in the center of mass frame:
|ϕp(θ)〉 = 1√
2
(|p(θ), ↑〉|p(θ + π), ↓〉 − |p(θ), ↓〉|p(θ + π), ↑〉) , (4.1)
where p(θ) = {p0, p cos θ, 0, p sin θ} and p(θ + π) = {p0,−p cos θ, 0,−p sin θ}. The
up-down arrow expresses the z-component of spin in the center of mass frame as
well as in the laboratory frame.
We now consider the state vector in the laboratory frame by Eq. (3.5). We use
the rapidity representation of velocity: the ejection velocity v of massive particles as
φ = tanh−1 v and the velocity V of the boost transformation as α = tanh−1 V . The
rapidity parameters can be limited in the region of α, φ > 0 for our discussion. The
Wigner rotation matrix is generally written as follows:12)
D(W (Λ, p)) =
1
[12 +
1
2 coshα coshφ+
1
2 sinhα sinhφ(eˆ · pˆ)]
1
2
×
{
[cosh
α
2
cosh
φ
2
+ sinh
α
2
sinh
φ
2
(eˆ · pˆ)]I + i sinh α
2
sinh
φ
2
(~σ · nˆ)
}
,
(4.2)
where i is the imaginary unit, I is the identity matrix, ~σ = (σx, σy, σz) is the Pauli
matrices, pˆ is the direction of the particle in the center of mass frame and nˆ is
defined as nˆ ≡ eˆ× pˆ, eˆ being the moving direction of the center of mass frame in the
laboratory frame.
Since pˆ = (cos θ, 0, sin θ) and eˆ = (0, 0,−1) in our specific model, the matrix
representation of the Wigner rotation becomes as
D(W (φ, α, θ)) =
(
A(φ, α, θ) −B(φ, α, θ)
B(φ, α, θ) A(φ, α, θ)
)
, (4.3)
where
A(φ, α, θ) =
cosh α2 cosh
φ
2 − sinh α2 sinh φ2 sin θ
[12 +
1
2 coshα coshφ− 12 sinhα sinhφ sin θ]
1
2
, (4.4)
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B(φ, α, θ) =
sinh α2 sinh
φ
2
[12 +
1
2 coshα coshφ− 12 sinhα sinhφ sin θ]
1
2
cos θ. (4.5)
Hence,
U(Λ)|ϕp(θ)〉 = 1√
2
[aΛp(θ) (|Λp(θ), ↑〉|Λp(θ + π), ↓〉 − |Λp(θ), ↓〉|Λp(θ + π), ↑〉)
+ bΛp(θ) (|Λp(θ), ↑〉|Λp(θ + π), ↑〉 + |Λp(θ), ↓〉|Λp(θ + π), ↓〉)] ,
(4.6)
where
aΛp(θ) = A(φ, α, θ)A(φ, α, θ + π) +B(φ, α, θ)B(φ, α, θ + π)
=
coshα+ coshφ
[(1 + coshα coshφ)2 − sinh2 α sinh2 φ sin2 θ] 12
, (4.7)
bΛp(θ) = B(φ, α, θ)A(φ, α, θ + π)−A(φ, α, θ)B(φ, α, θ + π)
=
sinhα sinhφ
[(1 + coshα coshφ)2 − sinh2 α sinh2 φ sin2 θ] 12
cos θ, (4.8)
and these satisfy |aΛp(θ)|2 + |bΛp(θ)|2 = 1. Here, we have introduced a new notation
such as aΛp(θ) and bΛp(θ) instead of a(φ, α, θ) and b(φ, α, θ). We notice also that
Eq. (4.7) and Eq. (4.8) can be rewritten in terms of v and α as
aΛp(θ) =
1 +
√
1− v2 coshα
[(
√
1− v2 + coshα)2 − v2 sinh2 α sin2 θ] 12
, (4.9)
bΛp(θ) =
v sinhα
[(
√
1− v2 + coshα)2 − v2 sinh2 α sin2 θ] 12
cos θ. (4.10)
We can also describe aΛp(θ) and bΛp(θ) in terms of V and φ, by replacement of v → V
and α→ φ. Eq. (4.7) and Eq. (4.8) are found to be symmetric for an exchange of α
and φ. From Eq. (4.6), we can see that the spin-singlet state in the center of mass
frame becomes the superposition state of spin-singlet state and Sz = ±1 spin-triplet
states in the laboratory frame. In the non-relativistic limit v → 0, Eq. (4.9) and Eq.
(4.10) become
aΛp(θ) = 1− 1
2
v2 cos2 θ tanh2
α
2
+O(v3), (4.11)
bΛp(θ) = v cos θ tanh
α
2
+O(v3). (4.12)
and we can see how the fraction of the spin-triplet state increases as a relativistic
effect. But, for θ = pi2 , since aΛp(
pi
2 ) = 1 and bΛp(
pi
2 ) = 0, the spin state in the
laboratory frame remains in the pure spin-singlet state as
U(Λ)|ϕp(π
2
)〉 = 1√
2
(|Λp(π
2
), ↑〉|Λp(π
2
+ π), ↓〉 − |Λp(π
2
), ↓〉|Λp(π
2
+ π), ↑〉).
(4.13)
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Next we consider the super-relativistic limit where the ejection velocity of the
particles is v → 1 and the boost velocity is V → 1. Since aΛp(θ)→ 0 and bΛp(θ)→ 1
(θ < pi2 ) or bΛp(θ) → −1 (θ > pi2 ) in this limit, the state in the laboratory frame
converges to
U(Λ)|ϕp(θ)〉 → β 1√
2
(|Λp(θ), ↑〉|Λp(θ + π), ↑〉 + |Λp(θ), ↓〉|Λp(θ + π), ↓〉) ,
(4.14)
where β = +1 for θ < pi2 and β = −1 for θ > pi2 . This is the superposition state of
Sz = ±1 spin-triplet states.
In the following of this paper, we call this superposition state of Eq. (4.14) as
the ”triplet-state” simply. The triplet-state is one of the Bell states as well as the
singlet-state.
§5. The von Neumann entropy of EPR spin correlation in the
laboratory frame
Using the unitary operator U(Λ) and the state vector in the center of mass frame
such as
|ψp(θ1, θ2, · · · , θi, · · · )〉 =
∑
i
ci|ϕp(θi)〉 with
∑
i
|ci|2 = 1, (5.1)
we can represent the density matrix in the laboratory frame as follows:
ρΛp(θ1, θ2, · · · , θi, · · · ) = U(Λ)|ψp(θ1, θ2, · · · , θi, · · · )〉〈ψp(θ1, θ2, · · · , θi, · · · )|U †(Λ).
(5.2)
Taking the trace over 4-momentum, the reduced density matrix is obtained as
ρ′Λp(θ1, θ2, · · · , θi, · · · ) =
∑
i
piMΛp(θi), (5.3)
MΛp(θi) = Tr4m[U(Λ)|ϕp(θi)〉〈ϕp(θi)|U †(Λ)], (5.4)
where pi denotes |ci|2 and Tr4m[· · · ] expresses the trace over 4-momentum. The
value of this trace depends both on Λp and p. Because, since aΛp(θi) and bΛp(θi)
in U(Λ)|ϕp(θi)〉〈ϕp(θi)|U †(Λ) depend on the 4-momentums, the operation of trace
implies that Λp and p are picked up in any 4-momentums; the reduced density matrix
Eq. (5.4) is parameterized with the picked-up Λp and p.
From the reduced density matrix Eq. (5.3), we calculate the von Neumann
entropy as follows:
S(φ, α, θ1, θ2, · · · , θi, · · · ) = −Tr[ρ′Λp(θ1, θ2, · · · , θi, · · · ) log ρ′Λp(θ1, θ2, · · · , θi, · · · )].
(5.5)
Here, ”taking the trace” means to ignore the coupling of the 4-momentum and the
spin. In the center of mass frame, the von Neumann entropy is always 0 since the
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reduced density matrix is the pure state. In this paper, we are discussing the entropy
for the spin states classified by {| ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉}.
In the following, we consider the simplest case of two pair states and we set
θ1 = 0 and θ2 = θ. Then, using
|ψp(0, θ)〉 = c1|ϕp(0)〉 + c2|ϕp(θ)〉 (5.6)
and ρ′Λp(0, θ) = p1MΛp(0) + p2MΛp(θ), (5.7)
the von Neumann entropy is calculated as
S(φ, α, 0, θ) = −Tr[ρ′Λp(0, θ) log ρ′Λp(0, θ)]. (5.8)
We have computed the above equation for S numerically by the Mathematica
and the results are shown in the figures: Fig. 2 for the case of p1 = p2 =
1
2 and Fig.
3 for the case of p1 =
1
4 , p2 =
3
4 .
From Figs. 2 and 3, we can see that S tends to 0 or a finite value in the super-
relativistic limit. For the general cases of θ 6= pi2 , S tends to 0. We can explain this
phenomenon from Eq. (4.14); in the laboratory frame, the state vector converges
to the pure state as the ”triplet-state” and S takes the minimum value of 0. This
conforms with the fact that a massless particle’s spin direction is parallel to the
moving direction of itself.
At θ = pi2 , on the other hand, S converges to a finite value in the super-relativistic
limit, where the singlet-state |ϕp(0)〉 becomes the triplet-state in the laboratory
frame but |ϕp(pi2 )〉 remains the singlet-state irrespective of α and φ.
5.1. The maximum value of the von Neumann entropy
In Figs. 2 and 3, one feature of the variation of S is not symmetric with respect
to pi2 . The value of S at θ =
pi
2 converges to the maximum value Smax in the super-
relativistic limit. Another feature is that, in the region of θ > pi2 , S increases with α,
takes Smax at some α and decreases again in the super-relativistic limit. The points
of Smax depend on φ, α and θ. Since the von Neumann entropy is a measure of the
purity of the state, the maximum value expresses how much the purity is degraded.
We can represent the density matrix Eq. (5.7) using the basis set composed of
the singlet-state and the triplet-state as follows:
ρ′Λp(0, θ) =
(
p1|aΛp(0)|2 + p2|aΛp(θ)|2 p1aΛp(0)b∗Λp(0) + p2aΛp(θ)b∗Λp(θ)
p1a
∗
Λp(0)bΛp(0) + p2a
∗
Λp(θ)bΛp(θ) p1|bΛp(0)|2 + p2|bΛp(θ)|2
)
,
(5.9)
where aΛp(θ) and bΛp(θ) are given in Eq. (4.7) and Eq. (4.8).
In the region of θ > pi2 , S takes the maximum value at some points of α and φ
as mentioned before. We can explain this behavior in the following: From Eq. (5.9),
it is found that
det[ρ′Λp(0, θ)] = p1p2|aΛp(θ)|2|bΛp(0)|2(cos θ − 1)2. (5.10)
We notice first that 0 ≤ det[ρ′Λp(0, θ)] ≤ p1p2; and, since the eigenvalues λ1 and λ2
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of ρ′Λp(0, θ) are given as
λ1 =
1
2
+
√
1− 4det[ρ′Λp(0, θ)]
2
, (5.11)
λ2 =
1
2
−
√
1− 4det[ρ′Λp(0, θ)]
2
, (5.12)
it is found that S takes the maximum value when det[ρ′Λp(0, θ)] = p1p2.
The requirement of det[ρ′Λp(0, θ)] = p1p2 induces the condition
|aΛp(θ)|2|bΛp(0)|2(cos θ − 1)2 = 1, (5.13)
which is satisfied under the following relation among α, φ and θ(
coshα+ coshφ
sinhα sinhφ
)2
= − cos θ for θ > π
2
. (5.14)
We notice that this relation is symmetric for α and φ. When det[ρ′Λp(0, θ)] = p1p2,
λ1 = p1 and λ2 = p2 from Eq. (5.11) and Eq. (5.12). Thus, the maximum value is
Smax(0, θ) = −p1 log p1 − p2 log p2 for θ > π
2
. (5.15)
For θ > pi2 , α at the Smax is given by the following equation:
coshα =
− coshφ− sinh2 φ
√
− cos θ(1− cos θ)
1 + cos θ sinh2 φ
. (5.16)
In the limit of φ→∞ (v → 1), the rapidity of the relative velocity tends to
coshα→
√
1− 1
cos θ
for θ >
π
2
, (5.17)
and, as tanhα =
√
1
1−cos θ , the α at the maximum value lies in the range of
tanh−1
√
1
1− cos θ < α <∞ for θ >
π
2
. (5.18)
Then, the α decreases with θ up to π and, in θ = π, S has the maximum value when
the relative velocity takes the minimum value. In the same manner, we can also
describe coshφ using α by the replacement of φ↔ α in Eq. (5.16).
We can also rewrite Eq. (5.14) as
aΛp(0)
bΛp(0)
aΛp(θ)
bΛp(θ)
= −1, (5.19)
and, as aΛp(0) = −bΛp(θ) and bΛp(0) = aΛp(θ),
MΛp(0)MΛp(θ) = 0. (5.20)
Therefore, when the von Neumann entropy becomes Eq. (5.15), the state forMΛp(0)
is orthogonal to the state for MΛp(θ); in other words, the reduced density matrix
ρ′Λp(0, θ) is diagonalized with the state for MΛp(0) and the state for MΛp(θ).
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§6. The von Neumann entropy and the Shannon entropy
We can calculate the Shannon entropy in the laboratory frame for our ex-
tended model. The Shannon entropy corresponds to the von Neumann entropy
of the measured data. Using the following probabilities, which are obtained im-
mediately from the reduced density matrix ρ′Λp(0, θ) represented with the basis set
{| ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉},
P (| ↑↓〉) = P (| ↓↑〉) = p1|aΛp(0)|
2 + p2|aΛp(θ)|2
2
, (6.1)
P (| ↑↑〉) = P (| ↓↓〉) = p1|bΛp(0)|
2 + p2|bΛp(θ)|2
2
, (6.2)
the Shannon entropy is calculated as
SSh(0, θ) = −
(
p1|aΛp(0)|2 + p2|aΛp(θ)|2
)
log
(
p1|aΛp(0)|2 + p2|aΛp(θ)|2
)
− (p1|bΛp(0)|2 + p2|bΛp(θ)|2) log (p1|bΛp(0)|2 + p2|bΛp(θ)|2)+ 1. (6.3)
This is symmetric with respect to pi2 , because the θ is contained in only the form of
sin2 θ and cos2 θ in Eq. (6.3).
We have shown the results in Figs. 4 ∼ 6 for the cases of (p1 = 34 , p2 = 14 ),
(p1 =
1
4 , p2 =
3
4 ) and (p1 = p2 =
1
2 ).
6.1. Indistinguishable state
Suppose that we label the particle moving ”to the right” as Particle A and one
”to the left” as Particle B for θ = 0. However, for θ > pi2 , Particle A is moving ”to
the left” and Particle B does ”to the right”. Therefore, if the state at θ > pi2 was not
reduced to the state at 0 < θ < pi2 as for the case of Eq. (5
.6), it implicitly implies
that Particle A and Particle B are distinguishable. Thus, the von Neumann entropy
gives asymmetric value with respect to θ = pi2 different from the Shannon entropy.
If Particle A and Particle B are indistinguishable, we should prepare that the
state vector is antisymmetric in spatial coordinate, instead of Eq. (5.6). We call
the antisymmetric state the indistinguishable state and the original state the distin-
guishable state. The indistinguishable state for the superposition state of two pair
states can be written by introducing the four pair states in Eq. (5.1), imposing the
antisymmetric condition: c1 = −c3, c2 = −c4 and θ1 = 0, θ2 = θ, θ3 = π, θ4 = π+ θ.
Note that
∑ |ci|2 = 2 because we have set that c1 and c2 are equal in Eq. (5.6).
Thus the state vector is given as
|ψp(0, θ, π, π + θ)〉 = 1√
2
[(c1|ϕp(0)〉 + c2|ϕp(θ)〉)− (c1|ϕp(π)〉 + c2|ϕp(π + θ)〉)] .
(6.4)
We have calculated the von Neumann entropy in the laboratory frame from this state
vector and the results have been shown in Figs. 7∼9. It is found that the calculated
von Neumann entropy coincides with the Shannon entropy, except for the difference
of absolute value by 1.
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The reduced density matrix ρ′Λp(0, θ, π, π+θ) from Eq. (6.4) can be diagonalized
by taking the basis set composed of the singlet-state and the triplet-state:
ρ′Λp(0, θ, π, π + θ) =
(
p1|aΛp(0)|2 + p2|aΛp(θ)|2 0
0 p1|bΛp(0)|2 + p2|bΛp(θ)|2
)
.
(6.5)
Therefore, we can regard the state to be the mixed state of the triplet-state and the
singlet-state. And then the von Neumann entropy becomes as follows:
SvN(0, θ) = −
(
p1|aΛp(0)|2 + p2|aΛp(θ)|2
)
log
(
p1|aΛp(0)|2 + p2|aΛp(θ)|2
)
− (p1|bΛp(0)|2 + p2|bΛp(θ)|2) log (p1|bΛp(0)|2 + p2|bΛp(θ)|2) (6.6)
= SSh(0, θ)− 1. (6.7)
This is different from the von Neumann entropy obtained from Eq. (5.6); Eq. (6.6) is
symmetric with respect to θ = pi2 . On the other hand, the Shannon entropy obtained
from Eq. (5.6) and from Eq. (6.4) are found to be identical.
6.2. The extreme value of the Shannon entropy and the von Neumann entropy of
indistinguishable state
In the von Neumann entropy for the distinguishable state, α and φ satisfy the
relation Eq. (5.14) at the maximum value and it is given by Eq. (5.15). On the other
hand, in the Shannon entropy and the von Neumann entropy for the indistinguishable
state, the following relation is satisfied along the extreme value
(
coshα+ coshφ
sinhα sinhφ
)2
=
(p1 − p2) sin2 θ +
√
(p1 − p2)2 sin4 θ + 4cos2 θ
2
. (6.8)
This relation depends not only on θ but also on p1 and p2 unlike the relation (5.14).
When p1 − p2 > 0, S has a finite value for any θ and the extreme value is 2
in the Shannon entropy or 1 in the von Neumann entropy as the maximum value.
Next, when p1 − p2 < 0, the right hand of Eq. (6.8) is 0 for θ = pi2 ; this implies the
super-relativistic limit. In this limit, the extreme value is
SSh(ex)(0,
π
2
) = −p1 log p1 − p2 log p2 + 1, (6.9)
and
SvN(ex)(0,
π
2
) = −p1 log p1 − p2 log p2, (6.10)
since |aΛp(0)|2 = |bΛp(pi2 )|2 = 0 and |bΛp(0)|2 = |aΛp(pi2 )|2 = 1. For θ 6= pi2 , the
extreme value is 2 for the Shannon entropy and 1 for the von Neumann entropy as
the maximum value.
In θ = pi2 , since bΛp(
pi
2 ) = 0 and then the state for MΛp(
pi
2 ) is the singlet-state,
p2 is the weight of the singlet-state. But, p1 is the weight of the mixed state of the
singlet-state and the triplet-state as seen in Eq. (6.5). Therefore, when θ = pi2 and
p1 − p2 < 0, the singlet-state weight is always greater than the triplet-state weight;
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and then, the extreme value is less than the maximum value of 2 or 1, because the
mixing of the singlet-state and the triplet-state does not become equal. In the super-
relativistic limit, the state is a mixture of the singlet-state with the probability p2
and the triplet-state with the probability p1. On the other hand, when θ =
pi
2 and
p1−p2 > 0, the singlet-state weight and the triplet-state weight is equal at the point
satisfying the relation (6.8) and then the extreme value takes the maximum value of
2 or 1.
When p1 = p2 =
1
2 , Eq. (6
.8) equals to Eq. (5.14). Then, in θ ≥ pi2 , the von
Neumann entropy for the distinguishable state, the Shannon entropy and the von
Neumann entropy for the indistinguishable state behave similarly. In this special
case, various features degenerate in θ ≥ pi2 .
Finally, We can also see, if p1 ≫ p2 or p1 ≪ p2, the von Neumann entropy of
distinguishable state converges to 0; in other words, the state represented by ρ′Λ(0, θ)
tends to a pure state. But the Shannon entropy and the von Neumann entropy of
indistinguishable state take the maximum value of 2 or 1 respectively.
§7. Discussion
The spin is known to be relativistically non-covariant concept and a covariant
quantity such as the Pauli-Lubanski vector constructed from spin and 4-momentum
has been proposed. However, in our discussion of entropy, the spin and the 4-
momentum are treated independently, such as taking the trace over 4-momentum to
get the reduced density matrix. Thus, the entropy is not relativistically covariant
quantity.
In our specific model, the ejection velocity of each particle and the boost velocity
are both restricted on the x-z plane and the spin state is assigned with respect to
the spatially-fixed z-direction in the laboratory frame as well as in the center of
mass frame. For the two pair states case, the state vector in the laboratory frame
becomes an entangled state between 4-momentum part and spin part. The von
Neumann entropy which is calculated from the reduced density matrix obtained by
taking the trace over 4-momentum is dependent on the velocity parameters α and
φ, as well as θ. This result is explained by the fact that the spin direction in the
laboratory frame is inclined by the Wigner rotation relative to the rest frame and
the spin correlation is described through aΛp(0), bΛp(0), aΛp(θ) and bΛp(θ) as seen
in Eq. (5.9).
In our specific model of two pair states with θ1 = 0 and θ2 = θ, the Shannon
entropy is symmetric with respect to θ = pi2 but the von Neumann entropy is not
symmetric. This asymmetry comes from the distinguishability of two particles. The
Shannon entropy is regarded to be the von Neumann entropy derived from the fol-
lowing density matrix ρ = 12(a| ↑↓〉〈↑↓ |+b| ↑↑〉〈↑↑ |+b| ↓↓〉〈↓↓ |+a| ↓↑〉〈↓↑ |), where
a = p1|aΛp(0)|2 + p2|aΛp(θ)|2 and b = p1|bΛp(0)|2 + p2|bΛp(θ)|2. This density matrix
shows the state of the measured system.
Under the assumption of distinguishability, |ϕp(θ)〉 is not equal to |ϕp(θ + π)〉
but each state becomes identical after we have taken the trace over 4-momentum.
U(Λ)|ϕp(θ)〉 and U(Λ)|ϕp(θ + π)〉 are a factor state of 4-momentum part and spin
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part. However, if we prepare the indistinguishable state as |ψ〉 = 1√
2
(|ϕp(θ)〉 −
|ϕp(θ+π)〉), the indistinguishable state U(Λ)|ψ〉 is no longer a factor state and then
the von Neumann entropy has a finite value. When |ψ〉 = 1√
2
(|ϕp(0)〉− |ϕp(π)〉), the
von Neumann entropy S(φ, α, 0, π) takes the same form with Eq. (5.8). Therefore,
we may regard the indistinguishable state for one pair state is a special case of two
pair states. Thus, even if p1 ≫ p2 or p1 ≪ p2, the von Neumann entropy for the
indistinguishable state has the maximum value of 1, where the singlet-state and the
triplet-state are equally mixed.
Under the assumption of indistinguishability, the von Neumann entropy coin-
cides with the Shannon entropy, except for the difference of absolute value by 1 as
seen in Eq. (6.7). However, if we want only to see the effect of the Lorentz trans-
formation on the entropy, the Shannon entropy should be renormalized to take 0,
instead of the value of 1, for the state in α = 0 and φ = 0.
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Fig. 1. The case of i = 1, 2, 3.
Fig. 2. The von Neumann entropy of the state
ρ′Λp(0, θ) where p1 = p2 =
1
2
, φ =
tanh−1 0.999; 0.1 ≤ α ≤ tanh−1 0.999,
0.1 ≤ θ ≤ pi.
Fig. 3. The von Neumann entropy of the state
ρ′Λp(0, θ) where p1 =
1
4
, p2 =
3
4
, φ =
tanh−1 0.999; 0.1 ≤ α ≤ tanh−1 0.999,
0.1 ≤ θ ≤ pi.
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Fig. 4. The Shannon entropy of the spin cor-
relation where p1 =
3
4
, p2 =
1
4
, φ =
tanh−1 0.999; 0.1 ≤ α ≤ tanh−1 0.999,
0.1 ≤ θ ≤ pi.
Fig. 5. The Shannon entropy of the spin cor-
relation where p1 =
1
4
, p2 =
3
4
, φ =
tanh−1 0.999; 0.1 ≤ α ≤ tanh−1 0.999,
0.1 ≤ θ ≤ pi.
Fig. 6. The Shannon entropy of the spin cor-
relation where p1 = p2 =
1
2
, φ =
tanh−1 0.999; 0.1 ≤ α ≤ tanh−1 0.999,
0.1 ≤ θ ≤ pi.
Fig. 7. The von Neumann entropy of the indis-
tinguishable state ρ′Λp(0, θ, pi, pi + θ) where
p1 =
3
4
, p2 =
1
4
, φ = tanh−1 0.999; 0.1 ≤
α ≤ tanh−1 0.999, 0.1 ≤ θ ≤ pi.
Fig. 8. The von Neumann entropy of the indis-
tinguishable state ρ′Λp(0, θ, pi, pi + θ) where
p1 =
1
4
, p2 =
3
4
, φ = tanh−1 0.999; 0.1 ≤
α ≤ tanh−1 0.999, 0.1 ≤ θ ≤ pi.
Fig. 9. The von Neumann entropy of the indis-
tinguishable state ρ′Λp(0, θ, pi, pi + θ) where
p1 = p2 =
1
2
, φ = tanh−1 0.999; 0.1 ≤ α ≤
tanh−1 0.999, 0.1 ≤ θ ≤ pi.
